A power-law corrected entropy based on a quantum entanglement is considered to be a viable black-hole entropy. In this study, as an alternative to Bekenstein-Hawking entropy, a power-law corrected entropy is applied to Padmanabhan's holographic equipartition law to thermodynamically examine an extra driving term in the cosmological equations for a flat Friedmann-Robertson-Walker universe at late times. Deviations from the Bekenstein-Hawking entropy generate an extra driving term (proportional to the α-th power of the Hubble parameter, where α is a dimensionless constant for the power-law correction) in the acceleration equation, which can be derived from the holographic equipartition law. Interestingly, the value of the extra driving term in the present model is constrained by the second law of thermodynamics. From the thermodynamic constraint, the order of the driving term is found to be consistent with the order of the cosmological constant measured by observations. In addition, the driving term tends to be constant-like when α is small, i.e., when the deviation from the Bekenstein-Hawking entropy is small. 
For example, quantum corrections, such as logarithmic corrections and power-law corrections, have been proposed for black-hole entropy. The logarithmic correction arises from loop quantum gravity [38] [39] [40] , while the power-law correction appears in treatments of the entanglement of quantum fields between the inside and outside of the horizon [41, 42] . The present author has found that the power-law corrected entropy [41] is suitable for the holographic equipartition law, due to both its power-law formula and small corrections at late times. In fact, the power-law corrected entropy has been used to study the generalized second law in universes [42] [43] [44] , holographic dark energy models [45] , f (T )-gravity models [46, 47] , and other applications.
In this context, we apply the power-law corrected entropy to the holographic equipartition law to thermodynamically examine an extra driving term in cosmological equations in a flat FRW universe. The value of the driving term is expected to be restricted by the second law of thermodynamics. Through the present study, the order of the extra driving term can be discussed from a thermodynamics viewpoint.
The remainder of the present article is organized as follows. In Sec. II, entropies on the Hubble horizon of a flat FRW universe are discussed. The Bekenstein-Hawking entropy is reviewed in Sec. II A, while a power-law corrected entropy is introduced in Sec. II B. Padmanabhan's holographic equipartition law is briefly reviewed in Sec. III. In Sec. IV, the power-law corrected entropy is applied to the holographic equipartition law, to derive an acceleration equation that includes an extra driving term. In Sec. V, the generalized second law of thermodynamics for the present model is examined and the order of the driving term is discussed from a thermodynamics viewpoint. Finally, in Sec. VI, the conclusions of the study are presented.
It should be noted that an assumption of equipartition of energy used for the holographic equipartition law has not yet been established in a cosmological spacetime. In addition, a power-law corrected entropy looks strange, due to its power-law formula. However, the holographic equipartition law with the power-law corrected entropy is expected to play an important role in examining an extra driving term in cosmological equations thermodynamically. Therefore, in this paper, as a viable scenario, the power-law corrected entropy is applied to the holographic equipartition law.
II. ENTROPY ON THE HUBBLE HORIZON
The Bekenstein-Hawking entropy [21] is generally used as an associate entropy on the horizon of the universe. Accordingly, in Sec. II A, the Bekenstein-Hawking entropy is briefly reviewed. In Sec. II B, a power-law corrected entropy [41] is introduced. In the present study, the power-law corrected entropy is used for entropy on the Hubble horizon in a flat FRW universe, because its power-law formula is suitable for the holographic equipartition law. Logarithmic corrections based on loop quantum gravity [38] [39] [40] are not discussed in this paper.
A.
Bekenstein-Hawking entropy
The Bekenstein-Hawking entropy S BH is written as
where k B , c, G, and are the Boltzmann constant, the speed of light, the gravitational constant, and the reduced Planck constant, respectively [21] . The reduced Planck constant is defined by ≡ h/(2π), where h is the Planck constant. A H is the surface area of the sphere with the Hubble horizon (radius) r H , given by
where the Hubble parameter H is defined by [18] [19] [20] 
and a(t) is the scale factor at time t. Substituting A H = 4πr 2 H into Eq. (1) and using Eq. (2), we obtain [18] [19] [20] 31 ]
where K is a positive constant given by
and L p is the Planck length, written as
From Eq. (4), the rate of change of entropy is given bẏ
Numerous observations imply H > 0 andḢ < 0 [30] .
(For observed data, see, e.g., Ref. [48] .) Therefore, the second law of thermodynamics for the BekensteinHawking entropy should satisfẏ
B. Power-law corrected entropy
Das et al. have suggested a power-law corrected entropy, based on the entanglement of quantum fields between the inside and outside of the horizon [41] . The formula of the power-law corrected entropy is summarized in the work of Radicella and Pavón [42] . In addition, Sheykhi and Hendi have pointed out that power-law corrections are expected to be small in the late universe, whereas the corrections are large in the early universe [44] .
According to Ref. [42] , the power-law corrected entropy can be written as
where α is a dimensionless parameter and K α is given by
and r c is the crossover scale. When α = 0, S pl becomes
Substituting Eq. (10) and A H = 4πr 2 H into Eq. (9) and using r H = c/H and r H0 = c/H 0 , we obtain
where H 0 and r H0 are the Hubble parameter and the Hubble radius at the present time, respectively. Therefore, from Eq. (11), the entropy S H on the horizon can be rewritten as
where Ψ α is a dimensionless parameter given by
and α and Ψ α are considered to be constant. In this study, Ψ α is assumed to be positive for an accelerating universe, as examined in Sec. IV. Thus, 0 < α < 4 is obtained from Eq. (13) and Ψ α > 0. (The crossover scale r c can likely be identified with r H0 [42, 49] . In this case, Ψ α reduces to α 4−α .) To discuss the second law of thermodynamics, we examine the rate of change of S H . Differentiating Eq. (12) with respect to t and using Eqs. (4) and (7), we havė
whereṠ BH > 0 from Eq. (8) . Accordingly, to satisfẏ S H > 0, we require
Substituting Eq. (13) into Eq. (15) and using r H = c/H and r H0 = c/H 0 , we get an equivalent inequality:
Using these constraints, we can discuss the order of an extra driving term in cosmological equations, as examined later. The inequality given by Eq. (16) is consistent with that in Ref. [44] . If r c = r H , Eq. (16) reduces to α < 2, which is consistent with the result in Refs. [43, 44] . That is, the constraint on a positive α can be written as 0 < α < 2. This constraint is stricter than the previously mentioned one, 0 < α < 4, which is related to an accelerating universe. Therefore, the strict constraint, 0 < α < 2, is used here. (The generalized second law of thermodynamics is examined in Refs. [43, 44] . Those works are discussed in Sec. V.)
The power-law corrected entropy looks strange due to its power-law formula although it is considered to be a viable black-hole entropy. However, as examined in Sec. IV, both its power-law formula and small corrections at late times are suitable for the holographic equipartition law. (The small correction could be interpreted as a weak quantum entanglement in the late universe.) Accordingly, in this paper, the power-law corrected entropy is applied to the holographic equipartition law.
In the present study, we consider an entropy on the Hubble horizon of a flat FRW universe. In a flat universe (k = 0), the Hubble horizon r H = c/H is equivalent to an apparent horizon r A , because r A is given by r A = c/ H 2 + (k/a 2 ), where k is a curvature constant. A non-flat universe for the holographic equipartition law is examined in Ref. [24] and an apparent horizon for powerlaw corrections is studied in Refs. [42] [43] [44] .
III. HOLOGRAPHIC EQUIPARTITION LAW
In this section, Padmanabhan's holographic equipartition law is introduced [22] . A brief review of the law is also given in my previous study [31] , based on Padmanabhan's work [22] and other related works [23] [24] [25] [26] [27] [28] .
In an infinitesimal interval dt of cosmic time, the increase dV of the cosmic volume can be expressed as
where N sur is the number of degrees of freedom on a spherical surface of Hubble radius r H , while N bulk is the number of degrees of freedom in the bulk [22] . L p is the Planck length given by Eq. (6) and ǫ is a parameter discussed below. In the present study, c is not set to be 1 and, therefore, the right-hand side of Eq. (17) includes c [31] . Using r H = c/H, the Hubble volume V can be written as
From Eq. (18), the rate of change of volume is given by
In this calculation, r has been set to be r H before the time derivative is calculated [22] . The number of degrees of freedom in the bulk is assumed to obey the equipartition law of energy [22] :
where the Komar energy |E| contained inside the Hubble volume V is given by
and ρ and p are the mass density of cosmological fluids and the pressure of cosmological fluids, respectively [31] . ǫ is a parameter defined as [22, 23] ǫ ≡ +1 (ρc 2 + 3p < 0: an accelerating universe), −1 (ρc 2 + 3p > 0: a decelerating universe).
(22) The temperature T on the horizon is written as
The number of degrees of freedom on the spherical surface is given by
where S H is the entropy on the Hubble horizon [31] . Various types of entropy can be used for S H . In the next section, S H is set to be a power-law corrected entropy given by Eq. (12) . We now derive an acceleration equation from the holographic equipartition law. In this paper, ρc 2 + 3p < 0 is selected [22] and, therefore, ǫ = +1 from Eq. (22) . (The following result is not affected by this selection, because the same result can be obtained even if ρc 2 + 3p > 0 is selected [23] .) We first calculate N bulk in the right-hand side of Eq. (17) . Substituting Eqs. (21) and (23) into Eq. (20) and using Eq. (18), we obtain N bulk given by [31] 
In addition, substituting ǫ = +1 and Eqs. (6), (19) , (24), and (25) into Eq. (17) and solving the resultant equation with regard toḢ [31] , we havė
where K is given by Eq. (5). Substituting Eq. (26) intö a/a =Ḣ + H 2 and using S BH = K/H 2 given by Eq. (4), the acceleration equation is written as
When S H = S BH , the second term H 2 (1 − S H /S BH ) on the right-hand side is zero [22] . However, when S H = S BH , the second term is non-zero, i.e., an extra driving term appears. The driving term depends on the deviation of S H from S BH .
As mentioned previously, an assumption of equipartition of energy is used for the holographic equipartition law, according to Ref. [22] . However, the assumption has not yet been established in a cosmological spacetime. This task is left for future research. In the present study, the assumption of equipartition is considered to be a viable scenario even in the cosmological spacetime.
IV. HOLOGRAPHIC EQUIPARTITION LAW WITH A POWER-LAW CORRECTED ENTROPY
In this section, a power-law corrected entropy given by Eq. (12) is applied to the holographic equipartition law. The power-law corrected entropy is written as
where α and Ψ α are dimensionless positive constants. Substituting Eq. (28) into Eq. (27), we have the acceleration equation:
The second term on the right-hand side, Ψ α H
2−α 0
H α , is an extra driving term proportional to H α . A positive second term is required for an accelerating universe. Accordingly, Ψ α > 0 is required because an expanding universe requires H > 0. Consequently, 0 < α < 4 is obtained from Eq. (13) and Ψ α > 0. (The above acceleration equation is different from that examined in previous studies [28, 31, [42] [43] [44] [45] [46] [47] . A similar driving term was discussed in Ref. [29] .)
In this paper, the present model is considered to be a particular case of Λ(t)CDM models in time-varying Λ(t) cosmologies [31] . Accordingly, the Friedmann, acceleration, and continuity equations can be written as
where f α (H) is the extra driving term given by When f α (H) is constant, the continuity equation is written asρ + 3(ȧ/a)(ρ + p/c 2 ) = 0, as for ΛCDM models. In contrast, when f α (H) varies with time, the right-hand side of the continuity equation is nonzero. In the holographic principle, the nonzero right-hand side can be interpreted as a kind of transfer of energy between the bulk (the universe) and the boundary (the horizon of the universe) [31] . The energy transfer is expected to be small, as discussed later.
We now observe evolutions of f α (H) in the late universe. To this end, Eq. (33) is rewritten as
where
α is observed here. Typical results for α = 0.1, 0.5, and 1 are plotted in Fig. 1 . In this figure, H/H 0 varies from 1 to 3, which approximately corresponds to the range of redshift z from 0 to 2.4 [48] . As shown in Fig. 1 , the normalized extradriving term is not greatly influenced by H/H 0 when α is small, e.g., α = 0.1. That is, the extra driving term tends to be constant-like for small values of α. In the next section, the order of the driving term is examined from a thermodynamics viewpoint.
As discussed in Ref. [44] , power-law corrections based on the entanglement of quantum fields are expected to be small in the late universe, whereas they are large in the early universe. Therefore, the small value of α could be interpreted as a weak entanglement in the late universe. Of course, the present result depends on the choice of entropy. Note that a similar constant-like term can be obtained when the deviation of a modified Rényi entropy from the Bekenstein-Hawking entropy is small [31] .
The cosmological equations in the present model are considered to be equivalent to those in Λ(t)CDM models. Various driving terms have been examined in the Λ(t)CDM model [6, 7] . In particular, a combination of the constant and H 2 terms, i.e., Λ(t) = C 0 H 2 0 + C 1 H 2 , was found to be favored [50] , where C 0 and C 1 are dimensionless constants. For example, Solà et al. [50] have found that extra driving terms slightly deviate from a constant value because C 1 H 2 terms exist and are small. That is, the extra driving term is constant-like and the deviation from a constant is small. Similarly, in the present model, the extra driving term, f α (H), should be constant-like. Consequently, the energy transfer across the horizon, related to the right-hand side of Eq. (32) , is expected to be small.
The background evolution for the present model can be calculated from Eqs. (30), (31) , and (33), using a method in Ref. [31] . The solution is written as
where Ψ α is given by Eq. (13) and a 0 is the scale factor at the present time. In the ΛCDM model, the background evolution is given by
where Ω Λ is the density parameter for Λ. From Eqs. (35) and (36), it is found that when α is small, Ψ α can behave as if it is Ω Λ . The present model is considered to be a particular case of Λ(t)CDM models. However, it may be possible to discuss this model from a different viewpoint. For example, when α is small, a power-law corrected entropy given by Eq. (9) is approximately equivalent to S BH . In this case, it can be considered that a small deviation from S BH should be included in constants in Eq. (1), e.g., G could be interpreted as a varying gravitational constant. That is, when α is small, the present model can behave as if it is a scalar field cosmology with a slowly varying action. For scalar field theories, see, e.g., Ref. [9] and references therein. From this viewpoint, it should be natural that the properties of the present model for small α are similar to those of the ΛCDM model. (Possibly, the present model may be related to environment-dependent fundamental physical constants [51] .)
V. GENERALIZED SECOND LAW FOR THE PRESENT MODEL
In this section, we examine the generalized second law of thermodynamics for the present model. To this end, both the power-law corrected entropy on the Hubble horizon S H and the entropy of matter inside the horizon S m are considered [44] . The total entropy S t is given as
From Eq. (14), the rate of change of S H is written aṡ
In contrast, the rate of change of S m for the present model can be calculated from the first law of thermodynamics. From Eq. (A6) in Appendix A, we havė
For details, see Appendix A. It should be noted that the generalized second law for the modified Friedmann equations has been examined using the power-law corrected entropy [42] [43] [44] . Radicella and Pavón studied the generalized second law, based on the Clausius relation and the principle of equipartition of energy [42] . In contrast, Karami et al. [43] and Sheykhi and Hendi [44] used the first law of thermodynamics to discuss the generalized second law. In this sense, the present study is similar to the latter becauseṠ m is calculated from the first law of thermodynamics. However, the cosmological equations given by Eqs. (30)- (32) are different from the equations in those works. Therefore, the generalized second law discussed below is slightly different from that in those works.
Using Eqs. (37)- (39), the rate of change of the total entropy isṠ 2 − α .
The inequality given by Eq. (44) indicates that the extra driving term f α (H) is restricted by the generalized second law of thermodynamics, i.e.,Ṡ t > 0. Keep in mind that f α (H) < 2H 2 4−α is obtained directly fromṠ H > 0, without usingṠ t > 0. In this way, the second law of thermodynamics can constrain the value of an extra driving term because a power-law corrected entropy is employed in the present study.
Numerous observations implyḢ < 0 [30] , as discussed in Sec. II A. Therefore, when H = H 0 , the right-hand side of Eq. (44) is a minimum. The strictest constraint can be written as
Excluding a case of α ≈ 2 and using O( 
The constraint given by Eq. (46) is derived from the generalized second law of thermodynamics,Ṡ t > 0. As a matter of fact, Eq. (46) can be obtained directly from
4−α , which is based onṠ H > 0. That is, the equivalent constraint can be obtained fromṠ H > 0, without usingṠ t > 0. (A similar constraint was discussed in Ref. [31] . However, it was derived from a mathematical condition to obtain a constant-like term, unlike in the present study.)
In the ΛCDM model, the order of the density parameter Ω Λ for Λ is 1, e.g., Ω Λ = 0.692 from the Planck 2015 results [2] . Accordingly, the order of the cosmological constant term, Λ/3, in the Friedmann and acceleration equations, can be approximately written as
where Ω Λ is defined by Λ/(3H 2 0 ) [31] . From Eqs. (46) and (47) , the order of f α (H) is found to be consistent with the order of Λ/3 measured in cosmological observations. This result may imply that the cosmological constant problem could be discussed from a thermodynamics viewpoint.
So far, we have focused on the late universe. We now briefly consider the inflation of the early universe. It is well-known that higher exponents such as H 4 terms are required for inflation. The higher exponent has been closely examined in Λ(t)CDM models, see, e.g., Ref. [52] . In this study, an extra driving term proportional to H α is derived from the holographic equipartition law with a power-law corrected entropy. It is found that 0 < α < 4 is obtained from an accelerating universe (andṠ t > 0), whereas 0 < α < 2 results fromṠ H > 0. Therefore, in the present model, the higher exponent for inflation is likely to be restricted by the latter constraint. The constraint on α has been closely studied in Ref. [42] . However, cosmological equations in Ref. [42] are different from those in the present study. Further studies should be required. This task is left for future research.
VI. CONCLUSIONS
We have applied a power-law corrected entropy based on a quantum entanglement to Padmanabhan's holographic equipartition law to thermodynamically examine an extra driving term in the cosmological equations for a flat FRW universe at late times. Because of a deviation from the Bekenstein-Hawking entropy, an extra driving term (proportional to H α ) in the acceleration equation can be derived from the holographic equipartition law. Interestingly, the obtained driving term in the acceleration equation is found to be restricted by the second law of thermodynamics. The thermodynamic constraint indicates that the order of the driving term is consistent with the order of the cosmological constant measured by observations. When α is small (i.e., when the deviation from the Bekenstein-Hawking entropy is small), the extra driving term is found to be constant-like as if it is a cosmological constant. The small value of α could be interpreted as a weak quantum entanglement in the late universe. Therefore, it may be possible to discuss the so-called cosmological constant problem from a thermodynamics viewpoint, using the holographic equipartition law with the power-law corrected entropy for the weak quantum entanglement. In this way, the present study is expected to provide new insights into cosmological models from a thermodynamics viewpoint. Keep in mind that the obtained results depend on the choice of the entropy on the horizon.
Note that the generalized second law of thermodynamics,Ṡ t =Ṡ H +Ṡ m > 0, has been used here in discussing a thermodynamic constraint. However, an equivalent constraint can be obtained directly fromṠ H > 0, without usingṠ t > 0.
.0E-02 1.0E-01 1.0E+00 1.0E+01 To observe contributions ofṠ m , the dependence oḟ S m /Ṡ t on α is plotted in Fig. 2 . Here the rate of change of the total entropy,Ṡ t =Ṡ H +Ṡ m , is given by Eq. (40) . In addition, r c included in Ψ α is set to be r c = r H0 . As shown in Fig. 2 ,Ṡ m /Ṡ t rapidly decreases with decreasing α. The contribution ofṠ m is sufficiently small when α < 1. The small value of α is consistent with small energy flows. In this case,Ṡ H rather thanṠ m is dominant inṠ t .
